The Fourier binest algebra is de ned as the intersection of the Volterra nest algebra on L 2 (IR) with its conjugate by the Fourier transform. Despite the absence of nonzero nite rank operators this algebra is equal to the closure in the weak operator topology of the Hilbert-Schmidt bianalytic pseudo-di erential operators. The (non-distributive) invariant subspace lattice is determined as an augmentation of the Volterra and analytic nests (the Fourier binest) by a continuum of nests associated with the unimodular functions exp(?isx 2 =2) for s > 0. This multinest is the re exive closure of the Fourier binest and, as a topological space with the weak operator topology, it is shown to be homeomorphic to the unit disc. Using this identi cation the unitary automorphism group of the algebra is determined as the semi-direct product IR 2 IR for the action t ( ; ) = (e t ; e ?t ):
A nest algebra is an algebra of operators on a complex Hilbert space consisting of all the bounded operators which leave invariant each subspace in a given chain of subspaces of the Hilbert space. In the present paper we write N v for the Volterra nest in L 2 (IR) consisting of the subspaces L 2 ( ; 1)), for 2 IR, together with f0g and L 2 (IR), and we refer to the associated nest algebra A v as the Volterra nest algebra on L 2 (IR). To de ne the Fourier binest algebra we also require what we refer to as the analytic nest N a which consists of f0g, For the last thirty years, since their consideration by Ringrose, nest algebras have been studied intensely from a great many viewpoints. The monograph of Davidson 4] gives a survey of much of this theory. Their importance, even in nite-dimensions, lies in the fact that they provide the most fundamental class of noncommutative non-self-adjoint operator algebras. In the present paper, by focusing on perhaps the most natural continuous multiplicity one example, we initiate a study of binest algebras, by which we mean, simply, those algebras that are the intersection of two nest algebras. As we shall see, the Fourier binest algebra is intimately involved with analytic function theory and can be characterised in terms of the Weyl relations. Furthermore its naturalness is expressed by its intrinsic description as the weakly closed operator algebra generated by the Hilbert-Schmidt bianalytic pseudo-di erential operators. Amongst nest algebras the Volterra nest algebra plays a particularly distinguished role. Indeed, an elementary result of Kadison and Singer 6] asserts that each continuous nest algebra of uniform multiplicity one, which is separably acting, is unitarily equivalent to A v .
Whilst for binests there is no direct parallel to this uniqueness, the Fourier binest algebra is nevertheless a distinguished example. In what follows we obtain the following three main results. The rst is the intrinsic characterisation in terms of pseudo-di erential operators and the bianalytic Weyl algebra. The second result, which depends on the rst, determines the lattice of invariant subspaces of A as a topological disc with disjoint ordering from a foliation by lines of longitude. This in turn enables the determination of the unitary automorphism group of A as the semi-direct product IR 2 IR for the action t ( ; ) = (e t ; e ?t ): That the unitary automorphism group is an elementary Lie group is in stark contrast to the situation for nest algebras themselves and is another re ection of the bianalytic nature of A.
It will be convenient to de ne a pseudo-di erential operator on L In the theory of nest algebras the nite rank operators often play a vital role. The Fourier binest algebra on the other hand contains no nite rank operators, other than zero. We expect that the operators above may nevertheless prove to be a useful substitute.
Another main tool in the study of nest algebras (and, more generally, CSL algerbas) is the presence of selfadjoint operators and projections. By contrast, the Fourier binest algebra is antisymmetric in the sense that it contains no selfadjoint operators, other than scalar multiples of the identity.
The binest algebra A is the intersection of two re exive algebras and so is a re exive algebra. That is, with the usual notation, A = Alg(LatA). However the binest L itself is not re exive as a subspace lattice. Nevertheless we can identify its re exive closure Lat(AlgL), the lattice of invariant subspaces of A. Curiously, as we alluded above, it turns out that LatA, with the natural compact Hausdor topology, is homeomorphic to the unit disc. As a set LatA consists of N v and N a , forming the topological boundary of LatA, together with a continuum of nests N s , indexed by a positive real parameter s, given by
where s is the function s (x) = e ?isx 2 =2 . The order structure of LatA is that of a multinest consisting of uncountably many copies of the partially ordered set 0; 1] with the minimal points identi ed and the maximal points identi ed. Thus the supremum and in mum of proper elements of distinct nests are L 2 (IR) and the zero subspace respectively. We would like to thank Donald Sarason for the succinct cocycle argument used in the proof of Theorem 3.1. The characterisation there of the closed subspaces of L 2 (IR) which are simply invariant for the translation and multiplication semigroups also seems to be of some independent interest.
Preliminaries
We begin by setting out some useful terminology and notation and by recalling some wellknown facts from the theory of Hardy spaces. Alternatively we can view Ff as the k:k 2 -limit of the sequence of functions given by integration over the intervals ?n;n]; for n = 1; 2; : : :. The Paley-Wiener theorem implies that 1 PRELIMINARIES 4 F(H 2 (IR)) = L 2 ( 0; 1)) and from this it follows that FP 0 F = Q 0 where P 0 and Q 0 are the orthogonal projection onto H 2 (IR) and L 2 ( 0; 1)) respectively. We need the following well-known version of Beurling's theorem for invariant subspaces of the shift which is due to Lax 7] . This may be obtained from the usual formulation for the disc by making use of the conformal equivalence with the upper half plane and the fact (already used in the last paragraph) that in the weak operator topology the set fM : 0g has dense linear span in fM : 2 H 1 (IR)g. We refer the reader to Garnett 5] for the theory of inner functions. (ii) One can also see that the only selfadjoint operators in the binest algebra are trivial ones. Indeed, if A = A is in A, then the subspaces of the Volterra nest are reducing for A and so A is a multiplication operator M f , where f is real-valued. But M f must also leave H 2 (IR) invariant, hence f must be in H 1 (IR) and so is a constant function. In other words, the binest algebra has trivial diagonal: A \ A = I CI. It follows that if U 1 = fU (1) g and U 2 = fU (2) g are two such groups with spectral nests N 1 and N 2 , then the algebra Alg(N 1 N 2 ) coincides with the set of all (U 1 ; U 2 )-bianalytic operators, that is, all A 2 B(H) such that the functions ! trace(
(A)X) and ! trace( (2) (A)X) are in H 1 (IR) for all trace class operators X.
Note that (2) acts trivially on N 2 ; (2) (P ? t ) = P ? t for all t and . We say below that (2) acts transitively on some nest N 1 if (2) (N 1 ) = N 1 for all 2 IR and if (2) (Q) 6 = Q for 2 CHARACTERISATIONS OF A 8 all 6 = 0 and all Q 2 N 1 ; 0 6 = Q 6 = I. In this situation (with just (2) and N 1 given), it is shown in 1] that there exists a strongly continuous one-parameter unitary group fU (1) g, whose spectral nest is N 1 , such that the pair fU (1) g;fU (2) g satis es the Weyl relations U (1) U (2) = e i U (2) U (1) . Conversely, if a pair of unitary one-parameter groups satis es the Weyl relations, then each group acts transitively on the spectral nest of the other. Let us call a pair (U Proof: Since the automorphism groups fAdU (1) g and fAdU (2) g commute (by the Weyl relations), the equivalence of (ii) and (iii) follows from the above observations. If B = A B(`2(n)) then setting U (1) = D I and U (2) = M I, it is easy to see that the spectral nest of U (1) is N 1 = N (n) a = f(M H 2 (IR)) `2(n) : ?1 +1g while that of U (2) is N 2 = N (n) v = fL 2 ( ; 1)) `2(n) : ?1 +1g, and clearly B is the intersection of the two nests algebras Alg(N 1 ) and Alg(N 2 ).
If (ii) holds, then, by the uniqueness of the Weyl relations 9], there exists n = 1;1;2;::: and a unitary W : H ! L 2 (IR) (n) = L 2 (IR) `2(n) mapping U (1) to D I and U (2) to M I. It is now clear that W will then map B = Alg(N 1 N 2 ) to A B(`2(n)). The equivalence of (v) and (ii) follows from 1] and our earlier remarks. 
t) = (s) + (t):
Since is increasing it follows that is continuous and hence that (t) = t for some positive constant .
Now de ne (t) = (t)e i t 2 =2
Then is measurable and (s + t) = (s) (t); which implies that (t) = e i t for some real constant . Hence holds for almost every y < x 0 , for some unimodular constant c depending on x 0 . But in fact the last assertion holds for almost every x 0 from which we conclude that c is independent of x 0 and that the equality holds almost everywhere. IR the automorphism (g) restricts to a unitary automorphism of the Fourier binest algebra. We shall show below that the converse also holds. For this we need the fact that Lat(A) is homeomorphic to the unit disc in order to identify the nests N v and N a . From this it follows that a unitary automorphism either leaves these nests invariant or exchanges them. In fact the latter possibility cannot occur. The next simple lemma is useful for understanding the topology on the multinest which is induced by the strong operator topology. It also provides another way of seeing the disjoint order structure of the multinest.
Lemma 4.4 . Let g n ; g be functions in H 2 (IR), with g 6 = 0, and let s n be positive real numbers for which e ?isnx 2 =2 g n (x) converges to g(x) in L 2 (IR). Then s n ! 0 as n ! 1.
Proof: Suppose that some subsequence (s ?1 n k ) of (s ?1 n ) converges to l as n ! 1. By Lemma 4.2, F( sn k g n k ) = sn k h k where h k 2 (H 2 (IR)) ? . By our assumptions it follows that h k is a Cauchy sequence with limit h in H 2 (IR) ? . But now (Fg)(x) = e ilx 2 =2 h(x) which is absurd, if g is nonzero, since Fg lies in L 2 0; 1). 2 Theorem 4.5 There exists a homeomorphism of the closed unit disc ID ? onto the multinest LatA, with the strong operator topology, which maps the boundary onto the binest N a N v .
In particular, the multinest is compact. 2
